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Abstract 

We prove an analogue of the Trotter product formula for quantum stochastic flows satisfying 
quantum stochastic differential equations, under some further hypotheses. Applications for a 
wide class of classical and quantum stochastic processes are also studied. 

1 Introduction. 

Several years ago K.R.Parthasarathy and the third-named author obtained a stochastic Trotter 
Product formula for unitary operator-valued evolutions, constituted from independent increments 
of classical Brownian motion [llj and more recently in [7], this was extended to those constituted 
from the fundamental quantum processes, satisfying Hudson-Parthasarathy type [lUl [T^ quantum 
stochastic differential equations ( q.s.d.e for short) with bounded operator coefficients. In this 
article, we extend the Trotter product formula to quantum stochastic flows on C*- or von Neumann 
algebra A. Each of these constituent flows satisfy q.s.d.e. 's of the Evans-Hudson type |10[ I14j with 
respective ( possibly unbounded ) structure maps satisfying a structure relation on a suitable *- 
subalgebra of A. It is known that each of these are completely positive, contractive (CPC) 
cocycles, and two of them are composed over a dyadic decomposition of an interval after shifting 
in each sub-interval to [0, 2""]. The flrst set of main results( in section 4) proven here says that if 
the vacuum expectation semigroups are analytic and if the sum of the two associated generators 
is a pre-generator of a contractive semigroup ( this part is the usual assumption for a Trotter- 
Kato type of product formula for semigroups), then the composed sequence weakly converges to 
a CPC flow satisfying a q.s.d.e. with its structure maps made up of the constituent pair in a 
specific manner. It is clear that since each member-map of the weakly convergent sequence is a 
homomorphism, the convergence is strong if and only if the limit-map itself is homomorphic. This 
is achieved in section 5 by giving a new proof of the homomorphism property of the limit ( in 
section 3 ) under some further hypothesis on the dependence of the CPC flow on the algebra, by 
mimicking partially the proof of unitarity of the solution of a Hudson-Parthasarathy q.s.d.e with 
unbounded operator coefficients satisfying the formal unitarity relations Finally, in section 

6, the results of section 4 are applied to obtain a construction of Brownian motion on a compact 
Lie group and of random walk on discrete groups. These results has also been used to extend the 
earlier constructions of a quantum stochastic flow on certain UHF algebras [Sj I14j . 
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2 Notation and terminologies. 



2.1 Quantum stochastic flows 

We shall refer the reader to [10], [3], [T3j and references therein for the basics of Evans-Hudson 
formalism of quantum stochastic calculus, which we very briefly review here. All the Hilbert spaces 
appearing in this article will be separable and for a Hilbert space T-L we shah denote by r(?^), T^C?^) 
the symmetric and free Fock space over T-L respectively, and by Lin(V, W) the space of the linear 
(possibly defined on a subspace of V) maps from a vector space V to another vector space W, and 
by D{L) the domain of a possibly unbounded operator L on a Banach space. The tensor product 
of Hilbert spaces or of operators will usually be denoted by (8>, and sometimes (8)aig is used for the 
algebraic tensor product. We shall also use the projective tensor product (S"^ of Banach spaces, 
which will be explained later. 

Definition 2.1. We say that a family of completely positive maps {jt)t>o from a unital C* or von 
Neumann algebra A to A" B(T) (where T := r(L^(M_|_, /co))J; is a CPC flow, where ko is the 
Hilbert space (1 < dim ko < oo) of noise or multiplicity with structure maps {6y) belonging to 
Lin{A,A), where G {0} U {1, 2, ....dim^o}, if the following holds: 

(i) There is a dense *-subalgebra Aq of A (norm dense for C* algebra and ultraweakly dense for 
von-Neumann algebra) such that Aq is contained in the domain of all the maps 6u^ and jt is 
normal, if A is a von-Neumann algebra. 

(a) The family {jt{x)}t>o satisfy a weak q.s.d.e. of the form: foru,v G f,g £ L^(M-|_,fco) and 
X e Aq : 

{jt{x)ue{f),ve{g)) 

= { xue{f),ve{g)) + Y, f ds { js{9^^{x))ue{f),ve{g)) g^{s)f,{s) 

or symbolically, 

j,ix)=x + Y, f jsmx))k^,{d') (2) 

where fis) = (e„/(s)) , f^{s) = J(sj , /o(s) = f%s) = 1, {ejg^'^o being an orthonormal 
basis for the noise space k^ with respect to which the structure maps 6j{{i,j) ^ (0,0)) are 
given, and where A(^(s) are the fundamental integrators 

(Hi) The structure maps Qy satisfy: for x ^ Aq, 

dimko 

ei:{xy) = 9^{x)y + x9>i{y) + ^ e>:{x)ei{y), e>i{xy = d^^{x*). (3) 

i=l 

The CPC flow { jt)t>o is called a quantum stochastic flow if furthermore jt is a * homomor- 
phism. 
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Often it is convenient to associate a matrix, called the structure matrix, with the structure 
maps 6u as follows: 

6 a 

where a := Ylij^ji^) ^ >< ei|, 6{x) := J^i^oi^) ® ^j, d'^ix) := 6{x*)*, and £(x) = 6^{x), for 
X G ^0- 

In the above, {-^-u} (ij,^u)^{o,o) the fundamental martingales satisfying the quantum- Ito for- 
mula, (see page 127 of |14j): 

dA^(t)dA^;(t) = 6^dA>'p{t) 

for a, (3 = 0, 1, 2, 3...., and 

k := if a = or p = 

(4) 

'■= ^a,i3 otherwise, 

6a, 13 being usual Kronecker delta. Let 'Hi,'H2 be two Hilbert spaces and A belongs to 
Lin{l-Li,'Hi®'}i2)-, with domain V. For each / G 'H2-, we define a linear operator (/, A) with domain 
T) and taking values in T-Li such that, 

{{f,A)u,v) = {Au,v(^ f) (5) 

for uGD, V £ Til- We shall denote by {A, f) the adjoint of {f,A), whenever it exists. 

For T G Lin{DQ ®aig Vq, Hi ® ^2), where Dq and Vq are subspaces of Hi and 'H2 respectively, 
and / G Vo,(7 G 7^2i define partial trace of T with respect to the rank one operator |/ >< g\, 
denoted by {g, Tf) as: 

{g,Tf):Do^ni by 

{{g, Tf) u, v) = {T{u CSf),vCSg),ueDo,veni. 
2.2 Tensor product of Banach spaces 

Here we collect a few facts about the projective tensor product of Banach spaces which is an impor- 
tant technical tool, needed to prove our main result. Recall that (see [TB]) for two Banach spaces 
Ei,E2, the projective tensor product Ei 0^ E2 is the completion of the algebraic tensor product 
El (E>aig E2 under the cross-norm || • ||^ given by ||-^||7 = inf 11^*11 II II) where infimum is taken 
over all possible expressions of X of the form X = X^"^^ Xi^yi. 

Lemma 2.2. Suppose Tj G B{Ej,Fj) where Ej,Fj, for j = 1, 2 are Banach spaces. Then Ti®aigT2 
extends to a hounded operator 

Ti ®^ T2 : El O7 E2 — > El (g)^ F2 

with bound 

\\Ti0^T2\\<\\Ti\\\\T2\\. 
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Proof. The proof is an easy consequence of the estimate: 



k k 



II (Ti (S)aiaT2){Y,^i(^yi)h < ®^2(y*)|| 
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i=l i=l 



(6) 



k k 



< 



5^||ri(x.)||Fj|r2(y.)llF. <||Ti||||r2||j; 



XillEi \\yi\\E2- 




□ 



Lemma 2.3. Suppose Tt and St are two Cq semigroups of bounded operators on Ei &: E2 
with generators Li and L2 respectively. Then Tt St becomes a Cq semigroup of operators on 
El (g)^ E2 whose generator is the closed extension of the operator Li (^aig 1 + 1 ®aig L2, defined on 
D{Li) ®aig D{L2) in the space Ei 0^ E2. 

Proof. Since {Tt ®7 St) o (Ts (g-y 5^) = (Tf+s '^'y St+s) (in Ei ®aig E2), both sides being continuous 
in El (S)aig E2, and as Ei ®aig E2 is dense in Ei ®^ E2, the above identity extends by Lemma (|2.2p 
to El (g)^ E2 leading to the semigroup property 



Also similar reasoning gives us {Tt (g^ 1) o (1 (g)^ 5j) = Tt (g^ St and thus the strong continuity 
of Tt (g^ 1 as well as of 1 (g-^ St as a function of t yields the strong continuity of Tt g)-^ St- Hence 
{Tt (g^ St)t>o is a Co semigroup. Moreover Tt (g^ St keeps D{Li) ®aig D{L2) invariant, which is 
dense in Ei ig^ E2. Thus D{Li) ®aig D{L2) is a core for the generator of Tt (g-y St (see [2]) which is 
the closure of the operator Li ^aig 1 + 1 <ga/g -^2 denoted by Li (g^ 1 + 1 (g^ L2 □ 

We state without proof the following corollary: 

Corollary 2.4. The operator Li ®aig I defined on D{Li) ®aig E2 is closable in Ei (g^ E2. Similar 
results hold for I(S>aigL2 on Ei®aigD{L2). We denote the respective closures by Li^^I and I(^yL2. 

We conclude this section with the following result about operators on Banach spaces, which 
will play a crucial role in the proof of homomorphism property in section 3. 

Lemma 2.5. Let E be a Banach space, and let A and B belong to Lin{E,E) with dense domains 
D{A) and D{B) respectively. Suppose there is a total set D C D{A) n D{B) with the properties : 

(i) A{D) is total in E, (ii) ||-B(x)|| < \\A{x)\\ for all x e D. 

Then {A + B){D) is also total in E. 

Proof. First note that if A{D) C {A + B){D), then F = span{{A + B){D)} is dense in E. Therefore 
without loss of generality we suppose F ^ E, ov that there is a non-zero yo in ^(-C^)) such that 
2/0 ^ {^~^ E){D), and let yo = A{xo), for some xq £ D. Then by Hahn-Banach theorem, there exists 
A G E*, the topological dual of E, such that ||A|| = 1, |A(yo)| = ||yo|| as weh as A{{A + B){D)) = 0. 
Then llyoll = |A(^(xo))| and |A(^(xo))| = \A{B{xo))\. 

But |A(S(xo))| < ||-B(xo)|| < ||^(xo)|| = llyoll which leads to a contradiction. Therefore F = E. O 



{Tt g)^ St) o {Ts ^■y Ss) = {Tt+s <g7 St+s)- 
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3 A proof of homomorphism property. 

Let ^ be a C* or von-Neumann algebra, equipped with a semifinite, faithful, lower-semicontinuous 
(also normal in case ^ is a von-Neumann algebra) trace r, and let be a dense (as given in 
definition 2.1) *-subalgebra of A which is also dense in h{= L'^{A, r)) in the L^- topology. Assume 
that jt,t > is a CPC flow as given in 2.1 and let (Tt)t>o be the vacuum expectation semigroup 

of jt, i.e. {u,Tt{x)v) = {ue{0) , jt{x)ve{0)) = (^u, j^'^ {x)v^ for u,v £ h, x £ A. We assume that the 

vacuum expectation semigroup j^'^ is a Cq (in the norm or ultraweak topology according as A is 
C* or von-Neumann algebra) semigroup. Furthermore, we make the following assumptions: 

A(i) For each t > 0, Tt extends as a bounded operator (which we again denote by Tt,) on the 
Hilbert space h such that {Tt)t>o is a contractive, analytic Co-semigroup of operators in the 
Hilbert space h. We shall denote by C2 the generator of ({Tt)t>o) 'In h. 

A(ii) Suppose that Aq C D{C) n D{C2), and thatTt leaves Ao invariant. 
A(iii) The map vr defined by 

7r{x) = a{x) + X (g) Ifcg, 

is a * -homomorphism (normal if A is a von-Neumann algebra) belonging to Lin{A,A0B{kQ)), 
and the map 5 is a well defined n-derivation belonging to Lin{Ao,A'i^ k^), i.e. 
S{xy) = (5(x)y + 7r(x)(5(y), forx,y G Aq. 

A(iv) For x,y in Aq, the following second order co-cycle relation holds: 

<5(x)*5(y) = £(x*y) - C{x*)y - x*C{y). (7) 

A(v) For x £ Aq, C{x*x) £ An L^{t) and t{C{x*x)) < (a kind of weak dissipativity) . 

Remark 3.1. If jt is a * -homomorphism, the assumptions A(iii) and A(iv) hold (see ]10^). 

Remark 3.2. A(ii) implies Aq is a core for both C and C2. Furthermore observe that because of 
analyticity in A(i), A(iv) and A(v), the real part of the operator {—2C2) exists as an operator 
and is non-negative (see pages 322 and 336 of f^). Moreover it also follows from these assumptions 
that 5{x) £ h®kQ for x £ Aq. 

Remark 3.3. It can be shown that if (Tt)t>o is symmetric with respect to r, that is if 

T[Tt{x)y) = T(xTt{y)), then A(i) follows. Also if we assume furthermore that Tt is conservative 

i.e. 

Tt[I) = I \/t > and A(ii) is valid, then A(v) also follows. 

Remark 3.4. Consider a typical diffusion process in M whose generator is of the form: 

1 d 9 , , d , , . d 
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The coefficients a and b are assumed to be smooth and a is assumed to be non-vanishing everywhere. 
Consider a change of variable 

y = (l){x) = Jq dse ° + C (where C is a constant). It can be seen that C is symmetric 

with respect to the trace t' given by T'{f) = J f(x)(p' {x)dx. Thus the assumption of symmetry can 
accommodate the semigroup corresponding to an arbitrary one- dimensional diffusion with smooth 
coefficients. 

Remark 3.5. On the other hand, some of the most common QDS arising in classical probability for 
which the assumptions A(i)- A(v) hold, cannot be made symmetric even by a change of measure 
on the underlying function algebra. For example, consider the semigroup of the standard Poisson 
process on Z+, realized on the commutative von-Neumann algebra /°°(Z+), equipped with the trace 
given by the counting measure. Here, the generator C2 is the bounded operator I — I, where I denotes 
the unilateral shift operator on It is straightforward to see that for <f) G /°°(Z+), </> > 0, 

t[{1 — I){(l))) < 0. However, if C is symmetric with respect to some measure /i, say given by a 
sequence {pi = /^({i})} of nonnegative numbers, then the symmetry condition will imply (since C 
has 1 G in its domain) that Yli>oi^ ~ ^)i4'{'^))Pi = for clU £ From this, one can 

easily conclude that pi = for all i. That is, there does not exist any faithful positive trace on 
for which C is symmetric. 

Remark 3.6. Let E be a Banach space, F : M. ^ E be a strongly measurable map and let /i be 
a measure on M. Suppose that the integrals J^dfi{t)F{t) and J^dfi{t)T{F{t)) exist, where T is a 
closed densely defined operator in E. Then J^dfi{t)F(t) G D{T) and 

Tit dfi{t)F{t))= [ df,{t)T{F{t)). 



Next let £ = £2 1 + 1 <S)^ £2, C = {-2Re{C2))2 , and let 

C(g)^C := (C (g)^ 1) o (1 (g)^ C) = (1 (g^ C) o (C 0^ 1) in h 0^ h. 
Moreover we set T := Aq <gaig Ao, and y := {(A — C)~^{x y)\ x,y ^ Aq}. 

The next two lemmas set the stage for the application of lemma 12.51 to our problem, leading 
to the main result of this section, viz. the proof of the homomorphism property of jt under an 
additional hypothesis. 

Lemma 3.7. For x G Aq ,x^0. 



00 



e-^'dt\\C{Tt{x))f < \\xf. 







Proof. For x in 

d 



^^uTt{x)f = {C2{Tt{x)),Tt{x)) + {Tt{x),C2{Tt{x))) = -\\CoTt{x)f. (8) 
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We get for A > 0, 

/"OO f'C 

/ e-^%C{T,{x))f = - / 
Jo Jo 



OO 



\xf-Xl e-^*||r,(x)f 



(9) 



Thus if A f^dt e~'^*||Tt(x)|p} = 0, for some A > 0, then we have ||Tt(x)|| = for almost all t and 
by virtue of the continuity of ||T((x)|| as a function of t, this leads to the contradiction x = 0. Thus 
A dt e~^''\\Tt{x)\\'^ > for all A > which gives us the required strict inequality. □ 

Lemma 3.8. ||(C C){X)\\^ < ||(A — £)(X)||^ for all X in D{C) and we have strict inequality if 
X is in y. 

Proof. Let X ^ T, such that X = X]i=i Xi®yi. It is obvious that 
(1 (g)^ C){F) C D{{C (g)y 1)). So using lemma[321 

-At I 



(10) 



I ^ j 1 1 1 1 yi I 



dt e-^'\\C^^C{Tt^^Tt){X)\\^ 

/•oo 

= / dte-^'\\y2C{Tt{x,))C^CiTtiyi))\\^ 

^ poo poo ^ 

<Y,i dt e~''\\C{Ttix,))f)H / dt e-^*||C(T,(y,))f )5 < J] 
i=i -^0 -^0 i=l 



Equation (fTO]) and Remark 13.61 together yields: 

\\{c^, c){{x-c)-Hx))\u<\\x\\^. 

Thus (C 0y C){X — C)^^ is a contraction. As a consequence, C C extends to D{C) and we have 
the required inequality. Now with X = x y, where x,y € Aq, the above equations give 

\\iC^^C){{X-C)-\x^y))\\^ < \\x\\\\y\\ = \\x <E) y\\^ 
or ||(C^^C)(y)||^ < ||(A-£)(y)||^ for ye 3^. 

□ 

The assumptions A(iv) and A(v) lead to 

oo 

11^^(^)11^ < Ell^o(^)ll' < \\C{x)\\l < \\{C + e)ix)\\l (12) 
i=i 

for all X in e > 0. This implies 9q can be extended to D{C). Now define a map B belonging to 
Lin{D{C) ®aig D{C),L^{t) 0^ L^t)) by 



Bix0y) = Y,0oi^)^^oiy)^ 



i>l 
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and extend linearly. This operator is well-defined because: using ()12p 

E ii^o(^)iiii^^(y)ii < {(E ii^o(^)f )(E \\^o(y)f)}' 

i>l i>l i>l (13) 

< ||(C7 + e)x||||(C + e)y|| <oo. 

Thus we have 

\\B{{C + e)-^ 0^ (C + e)-^}ix y)\\^ < \\x y\\^, (14) 
which implies that B{{C + e)~^ (d-y (C + e)~^} extends to a contraction on h h, and hence 

||i?(X)||^<||(C + 6)®^(C7 + e)(X)||^ (15) 
for all X G -D(C) 0aig D{C). Letting e — > 0, we see that 

\\B{X)\\y<\\{C0yC){X)\U (16) 

for all X in D{C) ®aig D{C). By Lemma [321 C (E>7 C extends to D{C) and thus we can also extend 
B to D(C). So we have 

\\B{X)\\ < \\{C ®y C){X)\\y < \\{X-C){X)\\^ioTallX £D{C). (17) 

Now span{y} C D{C), and in particular for Y in 3^, 

\\B{Y)\\, <\\{C (Fj,C){Y)\\, <\\{\ - C){Y)\\,. (18) 

□ 

Theorem 3.9. Assume that the flow jt satisfies A(i) - A(v) and suppose that the following hold: 

A(vi) There exists a total subset W o/ L^(M+, fco), such that for f,g in W, x £ An L^{t) and u,v 
in L^{t) n -L^(r), we have: 

sup o<s<t\{uf'^'",jt{x)vg^")\ <C{u,v,f,g,m,n,t)\\x\\i, (19) 

such that for fixed u,v,f,g,m,n, C{u,v, f, g,m,n,t) = 0(e'^*) for some /3 > 0. 
Then jt is a *-homomorphism. 

Proof. For brevity, we adopt Einstein's summation convention in the proof. 
For /, g in W, the flow equation (2) leads to : 

{jtix)ue{f),veig)) = {xue{f),ve{g)) + [' ds {js{eii{x))ue{f),veig)) g>'{s)f,{s). (20) 



Using the quantum Ito formula we get: 

{jt{x)ue{f),jt{y)ve{g)) 

= {xue{f),yve{g)) + [' ds[{js{eii{x))ue{f), js{y)veig)) g^'{s)f,is 



(21) 

+ {js{x)ue{f),jsmy))ve{g))f^{s)g'^{s) 

+ { Uei{x))ue{f),js{ei{x))ve{g)) f^.{s)g^s)]. 



For fixed u,v in ACih, f,g in W, we define for each t > 0, 
(j)t : Ao X Ao ^ C hy 

M^^y) ■= { jt{x)ue{f),jt{y)ve{g)) - { jt{y*x)ue{f),ve{g)) . (22) 

Using dSni) and dll]), we get: 

Mx,y) = fds[MO°o{^),y) + Mx,0'o{y)) + MOhix),O'o{y)) 

Jo 

+ g\s)MOhix),y) + g\s)Mx, o^y)) + n{s)M0hx),y) (23) 

+ f,is)Mx,Oi,iy)) + g\s)f,{s)MOiix),y)+g\s)f,is)Mx,0l^^^^ 

+ g\s)MOoi^),oriy)) + mMOT{x),0^{y)) + fj{s)g\s)MOT(^)^(^r 

Next we follow the ideas indicated in the pages 178-181 in [14j and define for m,n in W U 0, 



cPT'''{x,y):=-^[{jt{x)uf^"',My)vg^") - { jt{y*x)uf^"' ,vg^") ] 
[mini) 2 

1 5™ (9" 

-{{jt{x)ue{pf),jt{y)ve{r]g)) - {jt{y*x)ue{pf),ve{'ng))}\p^r,=o- 



(24) 



mini dp^ (9r/" 



Differentiating ([23]) with respect to p and r/ and setting p = r/ = 0, we get a recursive integral 
relation amongst (p^'^{x,y) as follows: 

C"(x, y) = f ds[C'"(^o°(^), y) + Ooiv)) + C"(^o(^), 

Jo 

+ 5*(s)C""H^o(^)> y) + 5*(s)C""H^, oKy)) 

+ fi{sW-''''{ef{x),y) + /i(.)C-''"(x, Ooiy)) (25) 

+ 5X5)/,(.)C-''"-'(^i(^),y)+5^(^)/.(^)C-''"-'(x,eay)) 
+ g'{sW''-\o'o{x),eHy)) + /i(5)C-''"(^f (^), ^0 (y)) 
+ /,(.)5^(.)C-''"-'(^fW,^f(y))] 

where 4>'[^'"'{x,y) := ip^'^^ {x,y) := for all m,n and x,y. We set in (|25|) . m = n = to get 

cp','\x,y) = l\s{c^','\e',{x),y) + c^'/{x,e',iy)) + c^'/{ei,ix),9^iy))} (26) 



and if we can show that the hypothesis of this theorem and (j26p imply that (jxl'^{x, y) = 0, then we 
can embark on our induction hypothesis as 

(f)\'\x, y) = for k + l<m + n — 1. 



Under the induction hypothesis, (|25|) reduces to 

y) = f y) + C'"(x, ^o°(y)) + ^o(y))] (27) 
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for x,y £ Ao, which is an equation similar to ()26p leading to (f)^'^{x, y) = 0, as earlier and this will 
complete the induction process. Thus it only remains to show that the assumptions of this theorem 
lead to a trivial solution of equation of the type ()26p . Omitting the indices m,n, define a map ipt 
belonging to Lin{Ao 0aig -^Oj C) by: 



and extend linearly. Thus equation ([26|) leads to: 

MX) = f ds[^s{{e^^ 1 + 1 ® eg + y^{ei (S)aig ei,)){X))], for X in T. (28) 
Jo i 

The complete positivity of the map jt implies that 

{jt{x)CJt{x)0 < {jt{x*x)^,0 (29) 
for ^ G /i (S" r and hence by A(vi), we get that 

I {jt{x)uf^"',jt{y)vg'''')\<{\ {jt{x*x)uf'^"',uf^"') {jt{y*y)vg'^\vg^'') |)i 

<{C{u,u,f,f,m,m,t)C{v,v,g,g,n,n,t))^\\x\\2\\y\\2 (30) 
= 0(e'^*)||x||2||y||2. 

The assumptions A(vi), Cauchy-Schwartz inequality and (l30|l together yields 

\MX)\ < 0(e'^*)||X||^, for XeT, (31) 

which proves (by virtue of denseness of in /i (g)^ h) that ipt extends as a bounded map from h®^h 
to C. If we let G = £ + 5, then for X ^ F, the equation ([28|) becomes: 



MX) = [\s{G{X))ds. 
Jo 

Note that by dte'^^lMX)] < oo for A > /3 and thus 

dte~^^MX) = / dte-^^ / dsiJs{G{X)), 
Jo Jo 

which on an integration by parts leads to 

POD 

/ dte-^^MiG - X)iX)) = 0, for X £ T. (32) 
Jo 

Now for Y G span{y}, let {Xn G be a sequence such that G(X„) goes to G{Y) (this happens 
because of the fact that J-" is a core for C and the inequality in (jlSp ). Thus we have 

dte~^%{{G - X){Y)) = 0, 
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by an application of the dominated convergence theorem. With A in Lemma 12.51 to be (£ — A), 
D = y, and because of the inequality ([TH]) . Lemma 12.51 applies and the denseness of {G 
X){span{y}) follows. Therefore the last equation and (l3T|) lead to 



POD 

/ dte-^^tptiX) = for all X G /i (g^ h, for 
JO 



A > /3. 



This implies that il^t{X) = which in turn proves that (x, y) = for x,y € Aq, t > 0. □ 

Corollary 3.10. Suppose the trace r on the algebra is finite. Assume A(i) through A(v), and 
replace the assumption of analyticity in condition A(i) by the following: Aq C D{C2) H D[C^. 
Then the conclusion of Theorem \3. !A remains valid. 

Proof. Define a symmetric form q{x,y) = — {C2{x),y) — {x,£,2{y)) for all x,y £ Aq, with domain 
D{q) = Aq. This form is non-negative by A(iv) and A(v). Since 

q{x,y) = {x, {—C2 — ^2)y) ' ^3;, y G Dig), the standard proof for the Friedrich extension (see [13], 
vol-II, page-177) is valid and we get a positive self-adjoint operator Z with D{q) C D{Z) such that 
q{x,y) = {x,Z{y)) . Set C = Z2. Observe that by the form extension and hypothesis A(v), we 
have 

j^\\Tt{x)f = {C2{Tt{x)),Tt{x)) + {Tt{x),C2{Tt{x))) = -\\CoTt{x)f. (33) 
Thus the rest of the proofs of Lemma 13.81 and of Theorem 13.91 remains valid. □ 

4 The Weak Trotter Product Formulae for q.s.d.e. with unbounded 
co-efficients. 

Definition 4.1. The time shift operator 6t, 9t:L'^(^+) — s- L^([t, 00)) is defined as 

et{f)is) = if s<t 

= f{s-t) ifs>t. 

Let r(6't) denotes its second quantization, that is T{6t){e{g)) = e{6t{g)), for g in L^(]R+, ko) and 
extended linearly as an isometry on whole r(L^(M_|_, ko)). For X G ^ (J5 i?(r[j, 5]), 

T{et)iX lrs)r{0;) = Pi2(|a >< f^tl ^ V «>X®/pt+.)Pi2, 



where Pu : Ft (g /i (g) F* — > /i (g) Ft (g F*(= /i (g) F) is the unitary flip between first and second tensor 

t+s) 



components. Let S^t ■ B{h (g F^) — > B{h (g F*t^) be given by : 



Definition 4.2. A CPC flow jt is called a cocycle if 

js+t{x) = js o 6 o jt{x), for x € A. 
Henceforth, all the CPC fiows considered are assumed to be cocycles. 
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(35) 



Lemma 4.3. For a CPC cocycle flow jt, j^' (x) defined by (|e(cl[o,t]), Jt(a^)e((il[o,t])) is a Co semi- 
group on A. Furthermore the restriction of the generator of ji''^{x) to Ao is 
C + (c, 5) + 4 + (c, o-d) + (c, d) id. 
Proof. Let s < t, the semigroup property follows as: 

js+tix) = {eiclio^s+t]),js+tix)e{dl[o^s+t])) 

= (e(cl[o,s]) ® e{cl[,^,+t])Js o r((9s)it(x)r(6'*)e(dl[o,s]) ® e(dl[^,s+t])> 
= Js''((e(cl[.,.+t]),r(^,)ii(x)r(0:)e(dl[,,,+,])» 
= j.^''^((e(cl[o,]),ii(x)e((il[o,]))) = j,^'^ o j^'^ix). 
Co property can be proved as follows: for a vector c E /cq, we write ct for cl[o^t]- 
I {ue{ct), jt{x)ve{dt)) - {u,xv) \ 

< I {u[e{ct) - e{0)],jt{x)ve{0)) \ + | {ue{0),jt{x)ve{0)) - {u,xv) \ 
+ \{ue{ct),jt{x)v[e{dt)-em)\ 

f lldll^t / ,11 Mh I ] 

< ||ti||||t>||||2;|| I Ve*ll'=ll - 1 + Ve*ll'^ll - 1 f + 
I (u, I 

If j}^'^ is Co in the norm topology of A i.e. if ^ is a C* algebra, then the above estimates implies 
that (u,j'^''^{x)v\ — )■ {u,xv) , uniformly over the unit ball of h. On the other hand, if j^'^ is Co in 



(36) 



the ultraweak topology of A, in case ^ is a von-Neumann algebra, then it follows from the above 
estimates that (u, j^''^{x)v'^ — )• {u,xv) for a given u,v £ h. 
Now for X G Ao and u,v G h, we have 

{ue{clio^s]),js{x)ve{dlio^s])) = {u,xv) e^"''^^'' 

+ J dr (ue{cl[o^s])jT{C{x) + {c,5{x)) + S\x)d + {c, a{x)d))ve{dlio,s])] 
i.e. 

(n, e-'^'^'^^f/{x)v) = {u, XV) + dr (n, e-^'^'^'"^ f/{C{x) + (c, 5{x)) + 5\x)d + {a, a{x)d))v) , 

(37) 

and from this the conclusion follows. □ 

Remark 4.4. If are all bounded maps, then uniqueness of the solution of q.s.d.e. with bounded 
coefficients implies that jt is a cocycle. 

Lemma 4.5. Suppose the CPC flow {jt)t>o satisfies A(i)-A(v) and that for x G ^nL^(r), 

\\jf{x)\\,<exp{tM)\\x\\i (38) 

for c, d in ko, where M depends only on \\c\\,\\d\\. Then the condition A{vi) and hence the conclusion 
of Theorem VJ.fA holds. 
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Proof. Note that for a partition = sq < si < S2 <■■■■< Sn = t, and for functions of the form 
/ = Ej l[s,_i,Sj]Cj, g = Ej '^ls,^i,s,]dj, {cj,dj e kj for j = 1, 2,) we get using the cocycle property 
of jt(-) and dSHD that 

\\{e{f),jt{x)e{g))\\i < exp{tM)\\x\\u 

where M = maxj{Mj), where each Mj depends only on ||cj|| and \\dj\\. Let A(z) := {ue{zf), jt{x)ve{g)) 
and hence \ {ue{zf), jt{x)ve{g)) \ < exp{tM)\\x\\i, for \z\ = 1. Clearly A is entire in z since 
{z — )• e(z/)} is strongly entire, and by considering a unit disc around zero and applying Cauchy's 
estimate for this function ,we obtain 

{m\)^ {uf^"" , jt{x)ve{g)) \ < \\u*v\\oomlexp{tM)\\x\\i, (39) 

for u,v G ^ n L^(t) and x £ A Ci L}{t). Doing a similar calculation to the function /3(z) := 
{uf®"" ,it{x)ve{zg)) , we get: 

I (n/®'",jt(x)?;5^"> I < \\u*v\\oo{m\n\)iexp{tM))\\x\\i, (40) 

which proves that the CPC flow jt satisfies A(vi), if we take 
C{f,g,m,n,t) := \\u*v\\oo{m\n\)^exp{tM). □ 

Corollary 4.6. For a CPC flow {jt)t>o on a type-I von-Neumann algebra with atomic centre, the 
conditions A(i) through A(v) imply A(vi) and hence also imply that jt is a * homomorphism. 

Proof. Observe that in a type-I algebra with atomic centre, we have for x G L^{t), 

As jt is a contractive flow, we have that for x G L^{t), 

sup I (uf®"" ,jt{x)vg®") I 

Q<s<t 

<lkl|oo||/«'"||||5®"|||H|2|b||2 (41) 
<lkl|l|ir™llll<?^"lllkl|2||^||2, 

from which the required estimate A(vi) follows. □ 

Let ^ be a C* or von-Neumann algebra which is equipped with a faithful, semifinite and lower- 
semicontinuous trace r. Suppose we are given two quantum stochastic flows 

jf ^ -.A^X ® B(r(L2(R+, ki))) 

and 

which satisfy two quantum stochastic differential equations of the type ([2]) with coefficients {C^^\ 5^^\ a^'^^) 
and 6^'^\ a'^'^'^) respectively. In the following, we assume that the hypothesis in the definition 

(2.1) is true for both sets of structure maps with the same Aq. Let Fi := r(L^(M+, A:i)) and 
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T2 := T{L^{R+,k2)). For c^^\d^^ G kj, j = 1,2, define jf^''^^'^ = //^ now define the 

Trotter product of these two flows: 



For X e A, define r]t : A — > A® B{Ti T2) by : 



Vt{x) = {jl'^'^idBir,))ojP{x). (42) 

Take a dyadic partition of the whole real line M and consider the part of the partition in [s, t] 
for large n, described in the picture below: 



[2"s]-2-" ^ |([2"s]+l)-2-" 

where [t] = integer < t for real t. 
Definition 4.7. Set 



l[2"t]-2-" 



{[2"t]+l)-2-" 



[2"t]-l 



[(6 ° ^([2".]+l)2-")]o { n ( ° ^2-" ® 1 

:[2"S] + 1 



V {i+l).2-"y 



(43) 



[(^[2"t].2-" ° '?t-[2"t].2-")]- 



Set ^l"^ := (/"[qI]- The map 0^"^ will be called the n-fold Trotter product of the flows jj:^"^ and j'f'\ 



Clearly this map c^j^ is a *-homomorphism for each n and being compositions of cocycles, 
itself is a cocycle. Let (ei)j>i be an orthonormal basis for ki and (Zj)j>i be an orthonormal basis 
for k2 so that the set Q = {(Aej,0), (0, /3/j)| A, /3 E C}ij>i is total in ki ® k2- Let M. be the set of 
step functions / supported over intervals with dyadic end points and taking values in Q. 

It is known |15] that {e(/)|/ G M} is total in r(L2(M+, ki ® /C2)). 
Now we state the weak version of the Random Trotter Product Formula for quantum stochastic 
flows, leaving the strong one for the next section. 

Theorem 4.8. The (vi^eak) Trotter product formula-I : 

Suppose A is a C* -algebra and that for each Cj,dj belonging to kj,j = 1,2, the closure of the 
operator Yl'j=i (^^^■^^ + {cj, ^^■^■') + S^Ji^^ + (cj, aa^) + {cj,dj)^ generates a Cq contractive semigroup 
in A. 

Then (l)["'\x) as defined above converges in the weak operator topology 0/ /i (X" F^ (g) F^ to jt{x) 
where jt is another CPC flow satisfying a q.s.d.e. with structure matrix 

£(i) + £(2) jt(i) sm \ 



5(2) / 
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Proof of Theorem : 

Since ||(/)^"''(2;)||oo < || 2^ 1 1 005 it is enough, to prove the weak convergence of this sec[uence of maps for 
u, V belonging to some dense subset of L'^{t) and /, g belonging to some total subset L^(M+, /ci®/c2)- 
Let / G 7W be of the form : 

f{x) =0 if X < ^—^ or X > 



n 



2" 2 

where cf'^ ® cf^ G ^ for j = 1, 2, ... 

Similarly, let g be of the form (|44p with Cj^^ © c^-^^ replaced by dj^^ © dj-^''. For an interval 

I ^ r(l) r(2' ryf^) r-*^) r-*^) , , ^ , „(1) .(1) (2) .(2) 

L ' J 2P 2P 2P 2f ^ 2P~ 2P~ 

For m, sufficiently larger than n, for x ^ A and considering / and g as above, we have: 
(C(^M/),i;e(5)) 



[2"a] + l l ° ^r [2"«l + l [2"s]+2 i ° •••^r[2; 



[2" 8]+ J [2"s]+3 + l , ° •••^n [2^,](^)^; ^ / 



(45) 



So it is enough to prove the strong convergence of the operators "^^ah] ^ single interval [a, 6] . So 

let c = c(i)©c(2) and d = d^i)©^^^) belong to Q. Now for / = (c^^) ©c^^))^;^^^, 5 = (d^^) ©d(2))x[a_b], 
we have from (1431) that 



r ^ [2"bl-[2"al-l 



= { (j [2-4+1 °i [2"a']+i )°ii_L' r ° (-^'^^ P"*-] I2"b]){x)u,v ) 

\ 2" 2" ^ 1^ 2" 2" J " 2^ 2^1" / 

(46) 

We note that the semigroups ' (discussed in page 14) are Cq semigroups for j = 1, 2, and 
that ^ — > t as n — > 00. Thus the maps Qi and Q3 strongly converge to 1^. As for Q2, we get 

g[2"6]-[2"a]-l ^ Q^.c(2),d{2)s|[2"b]-[2"a]-l 
^ 2^ 2^ 

= ((j^ OJ^ ) ) 2" 

2" 2" 
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which converges strongly by the Trotter product formula for semigroups on Banach spaces, since 
the generator of {jf ')t>o restricted to is 

+ 5^^^'^ + (cj, adj) + (q, di) id, for I = 1,2 and by the assumption of the theorem, the 

cfosure of X]j=i (^^^''^ + (cj, S^-^'^) + '^^''"'^ + (cj, ad^) + {cj,dj) id^ generates a Co contractive semi- 
group in A. 

On Ao, the semigroups j^'*^ satisfies the following: 

(48) 

Thus there exists a contractive map j^g^f^ : Aq — > A" BiT^g^ij) such that converges in 

the weak operator topology to j[s,t]ix) in /i (8) T. Clearly by density of in A, j[s,t] extends to the 
whole of A. Thus jt satisfies a weak q.s.d.e. in /i Fi r2 = /i (8) r(L2(M_|_, k)), with the structure 
matrix : 

£(1) + £(2) 5t(l) <^t(2) \ 

ad) , 

J(2) a(2) / 

where k := ki Q k2 being the noise space. 

It is clear that jt is a cocycle and since jt is contractive, jt also satisfies the strong q.s.d.e. with 
the above structure matrix. □ 

Theorem 4.9. The (Weak) Trotter product formula-II : 

Let A be a C* or von-Neumann algebra, and t be a trace on it. Furthermore assume that: 

(a) in the structure matrices associated with j^^^ and j^\ cj^) = for j = 1,2, 

(b) the closure of C'^^ +^2^^ generates a Cq, contractive, analytic semigroup in L?'{t). 

Then (p['^\x) as defined above converges in the weak operator topology of h ^F'^ to jt{x) 
for all X in A, where jt is a CPC flow satisfying the q.s.d.e. with structure matrix 

( Jtd) 5t(2) X 

5(1) 

V 5(2) / 

Proof of Theorem^ : Set e\;^'^\x) := (e^, ^(i)) (x), ^q'^^^I^) — {k,^^'^^) {x), for i > 1. For 
a; G .4o and every positive integer n, we have 
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\\6^^\x)\\l = Y,\\9^^'\x)h<2\\4^\x)h\\xh 



< 2^^||4^')(x)||2^n||x||2 

V2n ' ' V2 (49) 

<|^(i||(4^')(x))||2+n||x||2)' 

for i = 1, 2 . 

Thus the operators 6q are relatively bounded with respect to £3 with arbitrarily small bound. 
Similar calculations hold for 9'^'^''\x){= 9q^'^\x)*), j = 1,2. Since are the pre-generators of 
contractive analytic semigroups in Lp'ir)^ we see that the operators 



2 ' 



for j = 1, 2 are pre-generators of Cq semigroups (see [6] Theorem 2.4 and Corollary 2.5, p 497-498). 
A similar proof as above yields that for x G Aq, c,d £ Q, 

II ( c,5W e 5(2)^ (^)ii, < |(_l_||(4i) + C^^^)(x)\\2) + ^||X||2 

II {5('^®6^'\d) {x)h < |(-^||(4'^ +4'^)(x)||2) + ^||X||2 

Thus because of the hypothesis that £2^'' + generates an analytic Cq semigroups in L?'{t), we 
see that for c, d S ^, the operator 

" c, 5(1) e <5(2)) + (5(1) e 5^^\d) + + £f + (c, d) 

generates a Cq semigroup in L'^{t). The rest of the proof proceeds as that of the Theorem 14.81 □ 

Remark 4.10. As can be noticed in the proof of the theorems \4-S\ and \4-9l the convergence of 
(j)["^\x) is actually in a topology stronger than the weak operator topology in h Ti (^^ T2] it is in 
the product topology of strong operator topology in h with weak operator topology in Fi (g) 

Proposition 4.11. Let j^^^ {k = 1,2) be two CPC cocycle flows satisfying all the assumptions for 
Theorem \4.8\ such that the weak limit of the Trotter product exists. Assume furthermore that 



satisfy for each k. Then jt also satisfies ^3B\)- 

Proof Let Ao = 1^), A, = [I^, I?^) for 

1 < J < [2"t] - [2"s] - 1 and A' = [^^,t). Let xo = Uo, Xi = and 

x' = 1a'- Then for c = ci©C2, d = di(Bd2 andx G L^r\A, define rp'^{x) = (e(cx[o,r])5 '^T(a;)e((ix[o,T])) • 
'e(cl ),</>[")] (x)e(dl[^_t])^ 

(e(cxo) ®j e{cxj) ® e(cx'), 4>\^l^{x)e{dxQ) ®j e{dxj) e{dx')) (50) 

c,d / c.d N[2"t]-[2"s]-l c,d 

^([2"s] + l)2-"-s ° \V2-n) ° '^i-[2"t]2-"- 
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Now r]^''^{x) = j?''^' o j?''^'{x). Thus 

< e^(^^i+*^2)||3,||^ (where Mj depends on ||cj||, \\dj\\ for j = 1,2.) 

Thus 

II (e(cl[,,]),<Ag,(x)e(dl[,,])) 111 < e(*-)(^i+^^)||x||i 
and from this the conclusion fohows. □ 



5 The Strong Trotter product formula. 

The theorems 14.81 and 14.91 have estabhshed that </>|"^ converges weakly to jt (a CPC cocycle flow) 
on /i (8) Fi (8) r2 — /i (X" r. Clearly since (pt^'^ is a *-homomorphism from A — )• A" B{T), the above 
convergence is strong if and only if jt itself is a *-homomorphism. The next theorem, using the 
crucial results of Lemma 14.51 and Proposition 14. 11] exactly does that. 

Theorem 5.1. The (strong) Trotter product formula-Ill : 

(i) Suppose A is a C* algebra. Let jj.^^ and j^'^ be two quantum stochastic flows satisfying the 
condition of Theorem. \4.8[ Suppose furthermore that these two flows satisfy the following: 

(a) For X £ An L^ir), jf^^''^^^\x) satisfies (EQ) or A(vi) for cj, dj E kj, j = 1, 2; 

(b) r(£(j)(x*x)) < for j = 1,2; 

(c) each of the semigroups generated by C^^^ and C^"^^ as well as their Trotter product limit 
have analytic L'^{t) extensions as 

semigroups. 



Then cj)^ (x) as defined above converges in the strong operator 
topology of h to jt{x) where jt is another quantum stochastic flow which satisfy a 

q.s.d.e. with the structure matrix 

5(1) ad) 

5(2) a(2) / 

(ii) Let A be a von-Neumann algebra. Suppose the two quantum stochastic flows (jp^)t>0) for 
j = 1,2, satisfy the conditions of theorem \4.9\ and conditions (a) and (b) of part(i) of the 
statement above. Then the same conclusion as in part(i) above holds. 

Proof of Theorem 15. il : 

It suffices to prove that the limiting CPC flow jt is a *-homomorphism. Condition (I38p implies 
A(vi) and thus by Proposition 14. Ill and Theorem 13.91 jt is a *— homomorphism. □ 

Remark 5.2. Assumption (c) of Theorem \5.1\ can be replaced by the assumption that each of the 
maps £2^^ and 1^2^ satisfy the condition of Corollarv VJ.KA 
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6 Applications. 



6.1 Construction of classical and non-commutative stochastic processes: 

We shall now illustrate how to construct various multidimensional processes as random Trotter- 
Kato limits of the corresponding "marginals" . Our examples will include Brownian Motion on Lie 
groups and random walk on discrete groups. 

Let G be a second countable locally compact group. Let {^j}^^ constitute a countable family 
of functions from Co(G) which separates points on G. Define a metric p as follows: 

It can be shown that this metric gives the same topology on G and also that G is complete, and 
thus in particular, G is a Polish group. 

Let .4 be a G* algebra equipped with a faithful, semifinite, lower-semicontinuous trace r. As before, 
we imbed A in B{h), where h = L'^{t), and extend r as a normal semifinite trace on A". Assume 
furthermore that there is a strongly continuous, *-automorphic G-action ag on A which is also 
r-preserving ie T{ag{a)) = r(a). This allows us to extend ag to a unitary operator Ug on L'^{t), 
and we extend a to A" as a normal * automorphism given by ag{-) = Ug ■ U* . 

Lemma 6.1. Let (X„)n be a G-valued random variable on some space J-", P), and suppose that 
for all tp in L?'{G) and for all in Co{G), 

f dg [ doo\^{g)\^\<P{g.Xn)-Hg.X^)\^ ^0 

JG JQ 

as n, m — > oo, where dg is the left-invariant Haar measure on G. Then there exists a random 
variable X : Q — > G such that Xn — > X in probability. 

Proof. Wc choose and fix some in L'^{G) with HV'lb = and let dlP{uj,g) := dP{u:) \tp{g)\'^dg. 
Since dg\'>p{g)\'^ J^^ dP{u)\(j)i{g.Xn) - (piig.Xm)]'^ 0, for every i, it follows by setting Yn{g, uj) = 
g.Xn{Lo), and using the dominated convergence theorem for y G G a; G O, that for every e > 0, 

lP{p{Yn,Ym) >e)< ^iB^(p(y„,y^)) ^ 0, 
as m, n — > oo. Thus there is a G-valued random variable Y, defined on such that 



Yn^Y 



So 



IP{p{Yn,Y)>e)= j dg\il:{g)\''P{p{g.Xr,,Y)>e)= j dg\^l^{g)\^ fn{g) ^ 
JG JG 

where fn{g) = P{d{g.Xn,Y) > e). By Egoroff's theorem, there exists a measurable set say A of 

positive Haar-measure such that for all g in A, we have f„.{g) — > 0, and the proof of the theorem 

is complete by taking X{uj) = g^^Y{g,uj), for any fixed g in A. □ 
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Lemma 6.2. Let {gt)t>o be a G valued Levy process, defined on some probability space {Q,J^,P). 
Define jt : A" ^ L°°{n,A") Q B{L\t) L^{n)), by jt{x){uj) := ag^(,)(x), and 
Tt{x) = ]E{ag^^^){x)). 



(i) Then for f , g £ L"^ 



X An L^{t), we have 



Ti\{eif),Mx)e{g))\) 
< l|e(/)||2||e(<7)||2||x||i. 



(53) 



(a) {Tt)t>o is a normal QDS on A" , and if its restriction on A leaves A invariant, it is a QDS on 
A with respect to the norm-topology. Furthermore, if gt and {gt)^^ have the same distribution 
for each t, then the semigroup is r-symmetric. 



Proof. To prove (i), it suffices to sliow tfie inequality for positive x ^ A. For sucli x, we liave 

T{\{e{f),jt{x)e{g))\) 



< IEt 



exp[ / (/ + g)duj 



if+g')dt]n{x){u;] 



(54) 



from whicfi tlie result follows, (ii) From the defining property of Levy processes, the semigroup 
property of Tt follows; while the normality of Tt is a consequence of the fact that jt is implemented 
by an automorphism of A". Moreover, if gt and g^ have the same distribution, we have 



T{Tt{a)b) = T[lE{ag,^^){a)b}] 

= T'[lE{ag^^^){aag^^^)-i{b))}] = lE[T{ag^(^^){aag^(^^yi{b))}] 

(55) 

= iE[T{(aa,,(,)-i(6))}] = r[iE{(aa,,(,)-i (6))}] 
= T[a]E{ag^^^)ib)}]=TiaTt{b)). 

□ 

After these two lemmas, we now give a few concrete examples . 

(A) Classical and non-commutative Brownian motion: Assume now that G be a compact 
Lie group (of dimension k) acting smoothly on a C* algebra A and r is a lower semicontinuous, 
faithful, finite trace on A. Denote by A°°, the *-subalgebra of A generated by elements x 
such that g — )• ag{x) is norm-smooth, where 5 — )• is the group action. Let {xe}e=i be a 
basis for the Lie algebra of G and let G^ be the one-parameter subgroup exp{txi), t G K. 
Define 

jf ^ -.A^A''^ B(L2(T^(0))(^ A" 5(r(L2(M+)))), by 

ji^\x)(uj) := a ,rrAe), , Ax), where W^^^ is the standard Brownian motion on M. Then by 
(i) of Lemma 16121 replacing G by Gi, estimate (pHj) or equivalently the condition (a) of 
Theorem I5.11 (i) is verified for Furthermore, since WP and - ^ have the same 
distribution, (ii) of Lemma 16.21 applies. Combining this with Remark 13.31 for ^0 = A°°, we 
see that condition (b) of Theorem l5.H -(i) holds. For applying Theorem l5.H -(i). we now need 
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to check only that X]^^]^ ^Cg^^ is the pregenerator of a Co semigroup. For this we proceed as 
fohows: 

As Og is a trace preserving automorphism, it extends to a unitary operator Ug, in the Hilbert 
space L'^{t). Let 5^ be the norm generator of the automorphism group (aexp(ixf))ieiR- Then 
5£ extends to an unbounded, densely defined skew-adjoint operator in L'^{t), which generates 
the unitary group (f/cxp(tx£))tGiR- By an abuse of notation, we again denote this extension by 

6e. Note that C^^^ = \5j, on A°° , for all I. Thus Y!1^^ cf = \ 5} is a densely defined, 
negative and symmetric operator. By Nelson's analytic vector theorem for the representations 
of the Lie algebra [9] Theorem 3, p. 591] and [131 Theorem X.39], Y^'l=ii^2^ is essentially 
selfadjoint in L'^{t), and hence its' closure generates a Cq contraction semigroup. Thus 
condition (c) of Theorem I5.1l -(i) holds. So Theorem I5.1l -(i) applies. Specializing this to the 
case when A = C{G), and by Lemma 16.11 we get the convergence in probability of the 
following sequence of random variables: 



^1"^ ■■= n n «^p((^f.-i.i - w^l)x^), (56) 

t\ t o 

where the limiting random variable is clearly a Brownian motion on G, giving a result similar 
to that in pT] . 



In case of G = and A the irrational-rotational C* algebra Ae (see page 254 of 
the quantum Brownian motion described in page-275 of [H] can be constructed using the 
method described here. 

(B) Random walk in discrete group: Let G be a discrete, finitely generated group, generated 

by a symmetric set of torsion free generators, say {gi,g2, 92k}, let e be the identity element 

of G and gigk+i = e, and Og for each g be the automorphism obtained by the action of 
G on itself. Take A = Co{G), r to be the trace with respect to the counting measure. 
Consider 2k mutually independent Poisson-processes iNi'^)t>o, i = l,...,2k, on WU {0}, 
with intensity parameter {Xi)ftzi, respectively. Let zj:^^ := Nj:^^ — N^^^^\ i = 1,2, ... ,k. 
Define jf : ^ ^ ® B(L2(iV«, ivf +'))), (/ = 1,2,. ..A;,) by (</.)H = a^(0(^)('A). 

Since the generator of the vacuum semigroup associated with j^^ is bounded, so are the 
other structure maps. This implies that all the hypotheses of the Theorem 14.81 are satisfied 
and we do not need the homomorphism theorem of section 3 because homomorphism property 
follows from the fact that jt, the limiting flow satisfies a q.s.d.e. with bounded structure maps 
[3j. So by Lemma fG.H we have convergence in probability of the following sequence of random 
variables 

[2"t] k 

TT TT/^(*) fM^) \-i 



/=0 i=l 

(I) Z^^^ (uj) 

where Ql (ui) := g^^ . The limit is a random variable Xt which is a time homogeneous 
continuous time simple random walk. 
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6.2 An Application to a class of Stochastic Processes on a UHF algebra: 

We recall here that a quantum stochastic flow jt is called a quantum stochastic dilation of the 
associated vacuum semigroup Tt := j^'^. In this subsection, we want to apply the results obtained 
in section 4 to construct quantum stochastic dilation (in the sense of [5j) to a class of QDS on 
uniformly hyperfinite (UHF for short) algebras. Let A be the UHF C* algebra generated by 
the infinite tensor product of finite dimensional matrix algebras Mi\f{C), ie the C*-completion of 
(S)jg2dMjv(C) where N and d are two fixed positive integers. The unique normalized trace tr on 
A is given by tr{x) = -^Tr^x) for x G Mjvn(C). For a simple tensor a ^ A, let a(j) be the j^^ 
component of a. We define support of a to be the set: 

{j G Z'^l a(,.) / 1}. 

For a general element o = X^^i CnOn, we define support of a to be 

\Jn>lSUpp{an) 

Let Aloe be the *-algebra generated by finitely supported simple tensors in A. Clearly Aioc is dense 
in A. For k ^ 'Z'^, the translation on A is an automorphism determined by Tj^{x(^j-^) = X(^jj^j^y 

Note that M7v(C) is generated by a pair of non-commutative representatives of the finite discrete 
group Ztv = {0, 1, 2, ...N - 1} such that U'^ = V^ = 1 e Mn{C) and UV = ojVU where u is the 
N*^ root of unity. Using this, we get a unitary representation of ^ = Wj^j^d G where G = Zjy x Zjy, 
in Lp'{tr) given by 

where g = Y\j(z.zd{oiji f^j), Oij^Pj ^ '^N- For a given CP map ip on A, formally we define the 

Linbladian C = XlfeGZ^ ^k, where £kix) = TkCo{T^kx), x G Aioc, with 

Co{x) = — ^{il){l)x + xil;{l)} + ■ip{x). Consider the Linbladian C for the CP map 

= X]f=i X €^ A, where each A''^ belongs to a suitable class. For g^^^ = {aj,Pj) G G, 

j G Z^ we set W^^^u) = U^^^'^^V^^^^^ G Aioc- Next let ||x||i = Ei,^ ll^j,^^-)^^,* gO) " and let 
C^{A) = {x G ^ : ||x||i<oo}. Matsui ([8j) proved that the Lindbladian C is well-defined on C^{A), 
is closable, the closure generates a QDS (to be denoted by Tf) on A and C^{A) is invariant under 

■ 

In 0, the authors considered the problem of constructing quantum stochastic dilation of such 
QDS. However they constructed the associated quantum stochastic process for only those semi- 
groups for which the CP map -0 is of the form: -(/^(x) = r*xr, when r = X^^gj-j ^z^v'^ff^ff' 

Wg = Ylj(zzd{U"-V'')"i for g = JljeZ'* "i' Icgllfi'P < oo and fixed o, 6 G Zat; where 
|(5r| := 7^{j|(aj, ^ (0,0)}. Here we will generalize this result. First of all we will prove a re- 
sult by considering -0 of the form given earlier, viz. ^(x) = Ylm=i A"^^* xr^"^^ with the following 
assumptions: 

(i) There exists E-H dilation say jj:"^^ for the QDS T^™'^ corresponding to the CP map 
ip'-"^\x) = r(™-)xr(™)* for each m = 1, 2, ..p, 
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(ii) r^™) G Aloe and 
(hi) [rM,r("^)*] < 0, for m = 1,2,. ..p. 
Before proving the main theorem of this section, we first prove few lemmas: 

Lemma 6.3. Suppose (Tt)t>o is a QDS on a C* -algebra A and let t he a finite trace on it. 
Furthermore, let T{C{y)) < for all y > 0, y G Aq, £ being the norm generator of {Tt)t>o. Then 
{Tt)t>o has contractive -extension. 

Proof. In what fohows, denotes the real Banach space, obtained by taking the closure of 
the real Banach space of self adjoint elements of A, whereas denotes the complex Banach 
space obtained by taking the closure of A. Let f{t) = T{Tt{y)), y > and y E ^o- Then 
f'{t) = T{C{Tt{y))) < 0. Thus f{t) is monotone decreasing and so f{t) < /(O), i.e. 

\\Tt{y)\\i<\\y\\i,y>0,yeAo. (57) 

Let y £ A, y > 0, so that y = x*x, for some x £ A. Since is dense in A, there is a sequence 
{xn)n G -^0) such that x„ — >• X in II • lloo, leading to the conclusion that a;*x„ — )■ x*x in || • ||oo. Since 
r is finite, ||-||i < IHloo, and a positive element of A can be approximated by a sequence of positive 
elements from Aq in II * ||oo* Thus the same result follows in || • which proves that the inequality 
(|57|) extends to all the positive elements of A. Since every self-adjoint x in ^ can be decomposed 
as X = x+ — x-_ such that |x| = x+ + x_, we have 

||rt(x)||i = \\Tt{x+) - Tt(x_)||i < ||Tt(x+)||i + ||rt(x_)||i < ||x+||i + ||x_||i = ||x||i. (58) 

Thus Tt extends as a contractive map on the real Banach space L^. We denote this extension by 
T^"". We consider its complexification T/ : ^ given by r/(x) = Tf'^{Re{x)) + iTl^{Im{x)). 
As ||i?e(x)||i < 2||x||i and ||Im(x)||i < 2||x||i, T/ is a bounded (not necessarily contractive) map 
on L^. It follows that the dual map 

r/'* : L°° — )• L°° is a weak-* continuous map (i.e. ultraweakly continuous in this case). Moreover 
observe that for positive x £ A and positive y £ ACi = A, we have, using the positivity of Tt on 
A, that 

T{Tl'*{x)y) = T{xT[{y)) = T{xTt{y)) > 0, (59) 
hence T/'*(x) > 0, i.e. T'^* is a positive map, which implies, 

||r;'*|| = ||r;'*(i)|U = l|rr'*(i)||oo = .np||,||^<i,,,^. |r(rr'*(i)p)| 

= ^^P\\ph<i,peLl\r{Trm<^- 

Thus T['* is contractive on L°°, and hence so is its predual T[ on . The semigroup property 
and strong continuity of {Tt)t>o on follows from the similar properties of Tt = T/ l^oo with respect 
to the L°°-norm and the fact that || • ||i < || • ||oo- ^ 

Lemma 6.4. Let be the generator of the QDS {T^^'^)t>o corresponding to the CP map 

^{™)(^x) := 7-(™)*xr(™'\ withr^^^ satisfying conditions (ii) and (Hi) above. Then the QDS {T^^^)t>o 
extends to L^{tr) as a contractive Cq semigroup. 
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Proof. For simplicity, we will drop the index m. Let := Tfc(r) and let '■= C^{A). Suppose 
y ^ Ao and y > 0. A simple computation yields tr{C{y)) < 0. Thus by Lemma [Q], {T^^'^)t>o has 
contractive extension. 
□ 

Lemma 6.5. Each of the QDS {T^™'^)t>o for m = 1,2, ..p, has L'^ -extensions. 

Proof. Let y G Aq. Then using contractivity of Tj and the result of lemma [631 we have that 

\\Tt{y)\\l = tr{Tt{y*)Tt{y)) < tr{Tt{y*y)) < tr{y*y) = \\y\\l (61) 

since tr{C{x)) < for x > 0, x G ^o- The conclusion now follows, since is dense in Lp'{tr) and 
II • lb < II • lloo- □ 

Lemma 6.6. Let {jt"^^)t>o be the quantum stochastic dilation of the QDS generated by the Lind- 
bladian corresponding to the CP map il)^^\x) = 7-(''")*xr(™') fJt"^^ exists by assumption (i)). 
Then jj:^^ satisfies the conditions (a),(b) of Theorem \5.1\ and the condition of Remark \5.Sl 

Proof. Observe that [r^"^\r^"^^*] < implies condition (b) of 
Theorem ICT Let 5'f\x) := [x, Tj(r(™))], x G Aq. Then 



\\6p{x)\\,<2\\Tj{r^"'>)\U\x\\i- (62) 

Thus 6j^^ extends to a bounded operator on L^. Similar result holds for jj'^™^ So we obtain 
condition (a) of Theorem 15.11 for the quantum stochastic flow j^^™"*. Condition (b) of Theorem 15.11 
holds for each of the flows jj:"^'^ as [r^*"), r^™)*] < 0. The condition of remark [5.21 also holds which 
can be shown as follows: Since the computations are identical for different m's, we drop the index 
m and see that formally 

^2(^) = 5 ^keZ'i{'^k[x,rl] + [rk,x]rl +x[rfc,r^] + [rfc,r^]x}. Let x G A(= C^iA)). Then we have: 

11^2(^)11 < ^ E ill4.(^)ll + ll^fc(^)ll} + ll^llooll E [^'^'^fclll- (63) 

keZ'i fees'* 

-B^t SfeeZ'^i 11*^1; (^) II + ll'^fc(^)ll} < °° (s6e [5] and [H])and thus it suffices to show the convergence 
of the third series in ([63|) . For this we proceed as follows: As r = ^g^g Cg flj^zd 11^^^°'^ V^^^^^ , 

E ^'^ii^y]} = E E Willi n v^'^'-^^u^^^'-''^]} 

keZd g,heg jeZd j&d- 



(64) 



Since ocj-k = /3j-k = Q^j-fe = f^'j-k = ^ for \k\ > M by assumption (ii), [7'fc,r|] = for such 
k. Thus the series is actually finite and hence ||£2(3^)ll < oo, i.e. ^ ^(^2) H ^(/Zg)- ^ 
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Remark 6.7. Note that if we assume normality for each r^^\m = 1, 2, ....p, then we may drop the 
assumption that r^™) G Aioc- This is because then [rfc,r^] = Tfc{[r, r*]} = 0. 

Now we prove the main theorem of this section. 

Theorem 6.8. Assume the hypotheses of Lemma \6.6l Then the QSDE: 

j£Z<^m=l j^idm=l (65) 

3t{l) = 1, i > 0, 

admits a *-homomorphic unique solution jt, where jt is the E-H dilation of the vacuum semigroup 



t )t>o- 



Proof. Let Jf'"^ m = l,2,...p, be the * homomorphic quantum stochastic flow with the structure 
maps 

(-£{m)^^{m)^^t M) respectively. By Lemma ESI we are in the set up for applying 
Theorem 15.11 (1) and hence the present theorem follows. □ 

Corollary 6.9. Let r^™) = ZlggZjv ^^'^ ^'^'^^ "inhere Wg = Ylj^z'^i^"'^'')"'^ /^'^ 9 — Ilj&i.'i aj 
(as in 15]). Then the hypothesis of Theorem \6.8\ are satisfied and the same conclusion follows, which 
generalizes the dilation result obtained in f^. 

Proof. Since r^"^^ = Ylge'Ziq ^9^9' assumption (i) is satisfied (by the dilation result in [5j). It can 
be verified that r^™) is normal for each m. Thus the results of [5], assumption (i) is satisfied and 
by Remark 16. 7| all the hypotheses of Theorem 16.81 are verified as well, and hence the result. □ 
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